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Abstract 
 
Under-expanded jets which are discharged from an orifice or a nozzle have long been subject of researches for aero-

nautical and mechanical applications. Provided that the jet pressure ratio and nozzle configuration are known, the major 
features of the steady jet are now well known. However, the jet pressure ratio is often varied even during the process in 
many practical applications. Many questions remain unanswered with regard to how the supersonic jet responds to the 
transient process of the pressure ratio and whether the steady jet data for a specific pressure ratio can still bear the same 
during the transient process of pressure ratio. In the present study, the hysteric phenomenon of under-expanded jets has 
been investigated with the help of computational fluid dynamics methods. The under-expanded jets of both dry and 
moist air have been employed to investigate the transient processes of the pressure ratio. The effects of nonequilibrium 
condensation occurring in the under-expanded moist air jets are explored on the hysteresis phenomenon. It is known 
that under-expanded air jet produced during the startup transient of jet behaves differently from the shutdown transient 
process, leading to the hysteric phenomenon of under-expanded jet. It is also known that the moist air jet reduces the 
hysteric phenomenon, compared with the dry air jet, and that non-equilibrium condensation which occurs in the under-
expanded moist air jet is responsible for these findings. 
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1. Introduction 

Under-expanded free jet is one of the simplest flows 
that have a number of practical applications ranging 
from the design of rocket propulsion systems to indus-
trial areas using high pressure gas. A large number of 
works have been made to investigate the major fea-
tures of sonic free jets [1-3]. According to these stud-
ies, the flow pattern of a jet issuing from a nozzle or an 
orifice depends primarily on the ratio of the pressure at 
the nozzle exit to the ambient pressure. Depending on 
this pressure ratio, three types of jets are possible: 

subsonic, moderately under-expanded and highly un-
der-expanded jets. The values of pressure ratio sepa-
rating these three flow patterns are dependent on the 
specific heat of the gas, although the variation from 
one gas to another gas is quite small [4, 5]. 

In the subsonic free jets, the pressure at the exit of 
nozzle is always matched with the ambient pressure, 
while the jet becomes underexpanded, as the pressure 
at the exit of nozzle is higher than the ambient pres-
sure. With an increase in the pressure ratio at the noz-
zle exit to the ambient pressure, the sonic jet is 
changed from the moderately underexpanded to the 
highly underexpanded jets. These two jets are mostly 
distinguished by the appearance of the Mach disk 
inside the jet [6-8]. 

Many previous studies have shown that the Mach 
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disk is one of the most important factors specifying the 
highly underexpanded sonic jets. Billig et al., [9] Saito 
et al. [10] and Narayanan & Damodaran [11] have 
investigated the diameter of Mach disk, the distance 
from the exit of nozzle to the Mach disk and the con-
figuration of the jet boundary. They have documented 
that all these are a function of the pressure ratio only. 
Addy [12] has argued that from some experimental 
works using several different nozzles, the nozzle con-
figuration does not affect the distance of the Mach 
disk, but he has pointed out that it can somewhat in-
fluence the Mach disk diameter. Many other research-
ers [13, 14] have reported similar results to the work of 
Addy.  

Cumber et al. [14] have collected the experimental 
data obtained by many other researchers, and showed 
that the distance of the Mach disk correlates quite well 
with the pressure ratio, but the correlation in the Mach 
disk diameters is relatively poor. However, they did 
not give detailed explanation for this poor correlation, 
and vaguely inferred that it could result from the dif-
ference of the nozzle geometries used in each experi-
ment. Recently, Matsuo et al. [15] and Otobe et al. 
[16] have reported that the poor correlation in the 
Mach disk diameters is due to the vena contracta phe-
nomenon, formed in the orifice nozzles used in various 
experimental works, and they have demonstrated a 
good correlation using an imaginary nozzle throat 
concept based on the vena contracta. 

Meanwhile, several works have been performed to 
investigate the effects of the working gas on super-
sonic free jets. [17, 18] According to these results, the 
specific heat ratio of the working gas influences the jet 
pressure ratio as well as the convective velocities of 
the gas particles. The supersonic jets are often applied 
in power plants and industrial manufacturing proc-
esses. In these applications, the working gas is usually 
steam or moist air, which has not received the same 
level of attention in supersonic jet technologies as 
single-phase gases. Baek et al. [19] and Otobe et al. 
[20] have experimentally and numerically investigated 
the Mach disk phenomenon, which is formed in un-
der-expanded most air jet, and have reported that the 
moist air jets are qualitatively similar with the dry air 
jets, but nonequilibrium condensation in the moist air 
jet affects the Mach disk diameter, since the nonequi-
librium condensation of the moisture component 
changes the local flow states just upstream of the 
Mach disk.  

As mentioned above, provided that the pressure ra-

tio and nozzle geometry are given, the structures of 
under-expanded jet are well known. As the pressure 
ratio increases over a certain critical value, corre-
sponding to a sonic condition at the exit of nozzle, 
regular reflection of shock wave occurs in the weakly 
under-expanded jet. Then, as the pressure increases 
further, the regular reflection transitions to Mach re-
flection, leading to the Mach disk on the jet axis. On 
the contrary, the Mach reflection reduces again to the 
regular reflection, as the jet pressure ratio decreases. 

Recently, Irie et al. [21] observed that a hysteresis 
phenomenon of the under-expanded dry air jet is pro-
duced during the transient processes of jet pressure 
ratio, in which the jet flow obtained in the startup tran-
sient is different from that in the shutdown transient. In 
many industrial and engineering applications of under-
expanded jets, the jet pressure ratio is changing during 
a process. However, only a few works have, to date, 
been devoted to the jet hysteresis, and its physical 
reasoning to cause the phenomenon is still not satisfac-
torily known. Moreover, there is no work to investi-
gate the hysteresis phenomenon in under-expanded 
moist air jets, so far.  

In the present study, the under-expanded moist air 
jets, corresponding to the range of moderately under-
expanded to strongly under-expanded conditions have 
been investigated with the help of a computational 
fluid dynamics method. The jet pressure ratio is 
changed to obtain the hysteresis phenomenon. Quasi-
steady computational analysis is carried out to numeri-
cally solve the axisymmetric, compressible Navier-
Stokes equations. Initial relative humidity at the nozzle 
supply is assumed to get different moist air jets. The 
present computations are validated with the experi-
mental data. The results obtained show that the hys-
teresis behavior appears in both dry and moist air jets, 
but the moist air jets lead to much less hysteresis, 
compared with the dry air jets.  
 

2. Computational analysis 

2.1 Governing equations 
Computational predictions are performed by using 

two-dimensional, unsteady, compressible Navier-
Stokes equations, which combine a nucleation rate 
equation and a droplet growth equation. The present 
computations neglect interphase velocity and tempera-
ture slip, and are given in detail by Ref.22. It is as-
sumed that the condensation particles have a negligi-
ble effect on the pressure field. The conservation equa-
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tions of mass, momentum and energy for the viscous 
adiabatic compressible flow of the mixture are given 
being similar to their single phase flow. The resulting 
governing equations are given in the axisymmetric 
coordinate system (x, y)(y : the radial distance from 
the axis), 

 
U E F 1 R S 1 H Q
t x y Re x y y

⎛ ⎞∂ ∂ ∂ ∂ ∂+ + = + + +⎜ ⎟∂ ∂ ∂ ∂ ∂⎝ ⎠
 (1) 

 
where 
 

yx

yy

0
τ
τ
β

,
0
0
0
0

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥= ⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

S

xx

xy

0
τ
τ
α

,
0
0
0
0

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥= ⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

R

m

m

m

s

m

m 1

m 2

m 3

ρ
ρ u
ρ v
E

,
ρ g
ρ D
ρ D
ρ D

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥= ⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

U

 

( )

m
2

m

m

s

m

m 1

m 2

m 3

ρ u
ρ u p
ρ uv

u E p
,

ρ ug
ρ uD
ρ uD
ρ uD

⎡ ⎤
⎢ ⎥+⎢ ⎥
⎢ ⎥
⎢ ⎥+⎢ ⎥= ⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

E
( )

m

m
2

m

s

m

m 1

m 2

m 3

ρ v
ρ uv

ρ v p
v E p

,
ρ vg
ρ vD
ρ vD
ρ vD

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥+
⎢ ⎥+⎢ ⎥= ⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

F

 

2

s

1

2

3

v
uv
v

v(E p)
 ,

gv
D v
D v
D v

ρ
ρ
ρ

ρ
ρ
ρ
ρ

−⎡ ⎤
⎢ ⎥−⎢ ⎥
⎢ ⎥−
⎢ ⎥− +⎢ ⎥= ⎢ ⎥−
⎢ ⎥

−⎢ ⎥
⎢ ⎥−⎢ ⎥
⎢ ⎥−⎣ ⎦

H
m

m 1

m 2

m 3

0
0
0
0
ρ g
ρ D
ρ D
ρ D

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥= ⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

Q
&

&

&

&

 (2) 

 
In Eq.(2), Es and p are the total energy per unit vol-
ume and the static pressure, respectively, and these are 
expressed by,  
 

( )2 2
s m p0 m m

1E ρ C T ρ u v ρ gL
2

= + + −  (3) 

( )2 2
s m m

1p G E ρ u v ρ gL
2

⎡ ⎤= − + +⎢ ⎥⎣ ⎦
 (4) 

 
where,  

m m

v v

M 1 MG 1 g g
M 1 Mγ

⎛ ⎞ ⎛ ⎞
= − +⎜ ⎟ ⎜ ⎟−⎝ ⎠ ⎝ ⎠

 (5) 

 
In Eq.(2), the first component is the continuity equa-
tion, the second and third components are the Navier-
Stokes equations corresponding to x and y directions, 
the fourth component is the energy equation, and the 
rate of the liquid-phase production is expressed by the 
equations from the fifth to eighth components. α and β 
are given by, 
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where xxτ , xyτ , yxτ and yyτ  are components of 
viscous shear stresses. Subscripts m and v refer to 
mixture and vapor component, respectively. k is the 
thermal conductivity. The latent heat L is given by a 
function of temperature [23, 24], 
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where the coefficients are given by : 

 
0L 3105913.39=  J/kg, 1L 2212.97= −  J/kg 

 
The condensate mass fraction g  is given by a rate 
equation, expressed by Eq. (8). [22] 
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In Eq.(2), 1D& , 2D& , and 3D&  are given as : 

 
2

1 c
1 2

m

dD 4π r I drD D
dt ρ dt

= = +&  (9) 

2 c
2 3

m

dD 8π r I drD D
dt ρ dt

= = +&  (10) 

3
3

m

dD 8π ID
dt ρ

= =&  (11) 

 
Nucleation rate I, critical radius of the nuclei rc and 
radius growth rate r&  are given as follows [22, 23]:  

 
1 2

v v c

l

1 2m σ p -4π r σI exp
ρ π κT 3Tκ
⎛ ⎞ ⎛ ⎞ ⎛ ⎞= ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 (12) 

( )c
l v v s,

2 σr
ρ Tln p p ∞

=
ℜ

 (13) 



 H.-D. Kim et al. / Journal of Mechanical Science and Technology 23 (2009) 856~867 859 
 

( )
v s,r

1 2
l v

p pdr 1r
dt ρ 2π T

−
= =

ℜ
&  (14) 

 
In the above equations, m, κ , ℜ and s,p ∞  are the 
molecular weight, Boltzmann constant, the gas con-
stant and the flat film equilibrium vapor pressure, re-
spectively. The density of liquid phase is given by a 
function of temperature [24],  
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where t is the temperature given by °C and the coeffi-
cients are given by,  
 

A0 = 999.8396, A1 = 18.224944, A2 = -7.92221× 10-6 
A3 = -55.44846× 10-6, A4 = -149.7562× 10-9  
A5 = -393.2952× 10-12, A6 = 999.84, A7 = 0.086,  
A8 = -0.0108, B0 = 18.159725× 10-3 

 
The surface tension σ (= σ∞ ), that is an infinite flat-
film surface, is given by,  
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In Eq. (13), s,p ∞  is also given as [23, 24], 
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where the coefficients are given by : 
 

A9 = 21.125, A10 = -2.7246× 10-2, A11 = 1.6853× 10-5,  
B1 = 2.4576, C0 = -6094.4642 

 
where T is given by the temperature (K). Using flat 
film equilibrium vapor pressure s,p ∞  above, the satu-
ration vapor pressure s,rp of condensate droplet with a 
radius of r in Eq. (14) is given by Thompson-Gibbs 

equation, [23, 24] 
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The governing equation systems are non-dimen-

sionalized with the reference values at the inlet condi-
tions upstream of the nozzle and then these are 
mapped from the physical plane into a computational 
plane of a general transform. To close the governing 
equations, the two equation, k-ω turbulence closure 
model is employed to solve turbulence stresses. A 
third-order TVD(total variation diminishing) finite 
difference scheme with MUSCL [25] is used to discre-
tize the spatial derivatives of the governing equations 
and a second-order central difference scheme is ap-
plied to the viscous terms. A second-order fractional 
time step is employed for the time integration.  

 
2.2 Boundary conditions 

A cylindrical straight nozzle has a diameter of 
De=12.7mm. The nozzle is composed of a convergent 
curved entrance wall which has a radius of curvature 
R=De and the following straight wall having its length 
of 0.4De. This is exactly the same as that used by Ad-
dy [12] so that the present computational results can 
be validated with his data as well as the present ex-
periments.  

Moist air is assumed as the working gas, and its ini-
tial relative humidity at the nozzle supply is given by a 
function of the initial degree of supersaturation S0. The 
jet pressure ratio of moist air is defined as φ which 
means the ratio of total pressure p0 at the nozzle sup-
ply to back pressure pb. In the present study, φ varies 
from 3.0 to 6.2, and the initial degree of supersatura-
tion S0 of moist air is changed between 0(dry air) and 
0.8. The upstream total temperature T0 and total pres-
sure p0 are assumed to maintain constant at 298.15K 
and 101.3kPa, respectively, through the whole compu-
tations.  

The fixed upstream boundary conditions were ap-
plied to the upstream boundary of the computational 
domain, and the downstream boundary was subject to 
the outflow conditions. Adiabatic and no-slip bound-
ary conditions were applied to the solid wall surfaces. 
Further, condensate mass fraction was assumed to be 
zero at the nozzle wall surfaces. According to several 
preliminary computations, it was known that numeri-
cal waves were propagating far upstream of the nozzle  
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(Unit : mm)  
 
Fig. 1. Computational grid mesh and boundary conditions.  

 

 
 
Fig. 2. Computation procedure to simulate the processes of 
shutdown and startup transients. 

  
inlet. Hence, the upstream domain in the present com-
putations extends to the distance of 80De upstream 
from the nozzle exit, while the downstream domain 
covers the region of 150 De and 50 De from the nozzle 
exit, in the x- and r-directions, respectively. This wide 
computational domain was required to ensure the 
computational domain independent solutions.  

Fig. 1 shows a typical grid system employed in the 
present computations. The computational grids were 
clustered in the flow regions with large gradient such 
as the wall boundary layer, shock wave and nozzle 
exit. The computational grids closest to the nozzle 
walls are located at 0.00154 mm away from the walls. 
Several preliminary computations have been per-
formed on different computational grid meshes to 
investigate the grid-independent solutions. According 
to these results, it is found that the grid meshes over 
0.1 millions no longer influence the solutions obtained. 

 
2.3 Computational procedure 

The hysteresis cycle has been often reported in sev-

eral flow fields due to the nonlinear nature inherent in 
the flow under consideration. Such flows can be com-
puted by numerical simulations, [26] in which the flow 
boundary conditions are systematically changed to 
obtain each of the quasi-steady solutions. Fig. 2 shows 
the computational procedure for the process of the 
shutdown transient, in which the pressure ratio is de-
creased. The steady under-expanded jet of φ=φst is 
computed, and the resulting solutions are used as the 
initial conditions for the first step of the process of the 
shutdown transient. In the second step, the pressure 
ratio is decreased by ∆φ and the computation is re-
peated until the transient process is completed, thus 
leading to a quasi-steady state, as indicated by the 
black circle. The computed quasi-steady solutions are 
used again as the initial conditions for the next step. 
Consequently, the final quasi-steady solutions are 
obtained for the pressure ratio of φfi. On the contrary, 
for the process of the startup transient, in which the 
pressure ratio is increased, the final quasi-steady solu-
tions are used again as the initial conditions. For refer-
ence, in the present study, φst=6.2, φfi=3.0,∆φ=0.1 
and ξ=20000. Through such a series of computations, 
the quasi-steady solutions obtained during both the 
startup and shutdown transients are compared to inves-
tigate the hysteric behaviors of the under-expanded 
moist air jets.  
 

3. Experimental work 

Experimental work has been made to validate the 
present computations. A simple jet facility has been 
fabricated to easily visualize the hysteric behaviors of 
the jet. A plenum chamber is placed upstream of the 
convergent nozzle. Room air at atmospheric condi-
tions enters the plenum chamber and a moisture gen-
erator and a heater controls the flow conditions inside 
it. The test section is placed downstream of the nozzle 
and optical glass windows are installed on both the 
side walls of the test section for flow visualization. 
The test section is connected to a large vacuum cham-
ber by a ball valve system. The moist air flows 
through the convergent nozzle into the test section, 
and then is sucked into the vacuum chamber. The 
pressures are measured in the plenum and vacuum 
chambers. In the experiment, the range of the pressure 
ratio φ is varied between 3.6 and 6.4. The initial de-
gree of supersaturation S0 is changed only in the range 
from 0.15 to 0.7.  
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4. Results and discussion 

The atmospheric air as the working gas contains 
more or less moisture, depending on the daily weather 
conditions. In the present experiment, the condition of 
S0=0 which corresponds to the dry air is never 
achieved due to limited capacity of the dehumidifica-
tion system employed. The lowest value of S0 to be 
reached in the experiment is at most 0.15. Thus, in the 
present study, the condition of S0 =0.15 is assumed to 
correspond to that of the dry air in computations. 

Figs. 3 and 4 show comparisons of the computed 
and experimental jets for different pressure ratio and S0. 
The upper half is the computed iso-density contours 

and the lower half the schlieren pictures. For the dry 
air of S0=0, the jet is slightly under-expanded (see Fig. 
3(a)), and the resulting weak shock waves have the 
regular reflection at the point P. However, at S0=0.7, 
the shock system becomes the Mach reflection. This 
difference in the two jets for the same pressure ratio is 
associated with the latent heat release due to the non-
equilibrium condensation of moisture component. In 
case of φ=6.2 in Fig. 4, the dry air jet is strongly un-
der-expanded at the nozzle exit, compared with Fig. 
3(a), and thus, leads to the Mach disk on the jet axis. It 
is again found that the nonequilibrium condensation 
appreciably influences the shock structure of the dry 
air jet, as observed in Fig. 4; it is likely that the diame-

 
(a) S0=0                               (b) S0=0.7 

 
Fig. 3. Comparisons between computed and experimental results(φ=3.8). 
 

 
(a) S0=0                                (b) S0=0.7 

 
Fig. 4. Comparisons between computed and experimental results(φ=6.2). 
 

 
(a) φ=3.0                   (b) φ=4.0                 (c) φ=6.0 

 
Fig. 5. Three flow patterns of under-expanded dry air jet (S0=0). 
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ter of the Mach disk grows with S0. From the com-
parison of the computed and experimental results it is 
known that the present computations predict the un-
der-expanded dry and moist jets with good accuracy. 

Fig. 5 shows three typical flow patterns of the un-
der expanded dry air jets (S0=0), which are obtainable 
depending on the pressure ratio. At φ=3.0, the jet 
structure is composed of a multiple of cells and the 
static pressure distribution along the jet axis is quite 
similar to a sinusoidal wave (see Fig. 5(a)). At φ=4.0, 
the barrel shock waves are formed, each of them in-
tersecting on the jet axis. The resulting shock pattern 
is regular reflection (RR) (see Fig. 5(b)). In this case, 
the static pressure has a local peak value at the inter-
section point which is located at xt. At φ=6.0, the 
Mach disk occurs at a position of xt from the nozzle 
exit, leading to a sudden pressure jump. It is interest-
ing to note that a plateau in the pressure distribution 
occurs just downstream of the Mach disk, unlike the 
two cases of φ=3.0 and 4.0. The flow is subsonic just  
 

  
Fig. 6. The variations of xt/De and Dm/De with φ. 

downstream of the Mach disk, and the resulting shock 
pattern poses the Mach reflection (MR). It is, thus, 
considered that the under-expanded dry air jet sys-
tematically changes from Fig. 5(a) to Fig. 5(c), during 
the startup transient of jet. 

Fig. 6 represents the validation of the present com-
putations for the steady jets. The prediction results of 
the present computations for the under-expanded dry 
and moist air jets are compared with the present ex-
perimental and Addy’s data. All of the predicted xt 
/De data show that they can be given by an increasing 
function of the pressure ratio and are well correlated 
with the present experimental data as well as Addy’s 
data. It is likely that S0 does not significantly influ-
ence xt/De. Meanwhile, the present computations pre-
dict well the Mach disk diameter (Dm/De). However, 
it seems that the diameter of the Mach disk increases 
with S0 for a given pressure ratio, as reported in Ref. 
[19]. It is known that the present computations predict 
the Mach disk characteristics for both the under-
expanded dry and moist air jets, with good accuracy.  

Many researchers have even observed the hysteric 
behaviors occurring during both the startup and shut-
down transients in a variety of flow fields. However, 
detailed reasoning and mechanisms of the hysteresis 
phenomenon are still not answered satisfactorily. 
Recently Irie et al. [21] showed that the under-
expanded dry air jets behave hysteric during both the 
processes of the startup and shutdown transients of 
the jet. To investigate such a hysteresis phenomenon, 
the unsteady computational analysis has been per-
formed for both the under-expanded dry and moist air 
jets, as previously described.  

Fig. 7 shows the computed iso-density contours for 

 

      
                                                                  (a) S0=0                                               (b) S0=0.3 
 
Fig. 7. The under-expanded dry and moist air jets during shut-down and startup transients. 
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the under-expanded dry(see Fig. 7(a)) and moist 
air(see Fig. 7(b)) jets. For the dry air jets, the jet is 
strongly under-expanded at φ=6.2, the barrel shock 
waves reflect from the jet axis, leading to the Mach 
disk at the location of xt/De=1.57. A triple point is 
formed at the intersection point among the three 
shocks of barrel shock, Mach disk and reflected shock, 
and downstream of it, the slip stream is generated due 
to the velocity difference in the flows passing over the 
two oblique shocks and the Mach disk. As φ de-
creases to 4.6, the Mach disk moves upstream with 
reduced diameter. At φ=4.2, the Mach disk is no 
longer found and the resulting shock pattern becomes 
the regular reflection. With further decrease in the 
pressure ratio, the shock system of the regular reflec-
tion moves upstream and its magnitude seems to be 
weaker. During this shutdown transient of jet, the 
transition from the Mach disk to the regular reflection 
flows appears at φ=4.2.  

Meanwhile, the jet pressure ratio is increased again 
from the final steady jet state (φ=3.0), which has been 
employed in the shutdown transient above. As φ in-
creases to 4.2, the regular reflection shocks move 
downstream with stronger magnitude. The transition 
from the regular reflection to the Mach reflection 
flows is generated at φ=4.55. With further increase in 

the pressure ratio, the Mach disk grows and its loca-
tion moves downstream. At φ=6.2 which corresponds 
to the final steady jet state in the startup transient, the 
computed flow field is nearly the same to that em-
ployed as the initial conditions in the shutdown tran-
sient. From a series of computations, it is found that 
the pressure ratio at which the transition occurs is sig-
nificantly different in both the processes of the shut-
down and startup transients. Similar hysteric behavior 
is also found in the under-expanded moist air jets, as 
shown in Fig.7(b), where the transition pressure ratio 
occurs at φ=4.15 in the shutdown transient but at 4.25 
in the startup transient. It is, however, noted that the 
hysteresis phenomenon appears to be reduced in the 
moist air jet, compared with the dry air jet.  

More quantitative data for the hysteresis phenomena 
are presented in Fig.8, where the locations of the 
shock reflection during both processes in the shutdown 
and startup transients are plotted against the het pres-
sure ratio. For the dry air het (see Fig.8(a)), in the 
process of the startup transient, the shock reflection 
point moves downstream with an increase in φ, and it 
has a peak at φ=4.55, which corresponds to the transi-
tion pressure ratio. As φ increases over transition pres-
sure ratio, the shock reflection point moves a little 
upstream, and then it moves downstream again with 

(a) S0=0                           (b) S0=0.3                           (c) S0=0.7 
 
Fig. 8. Hysteric behavior in the Mach disk locations during shutdown and startup transients. 
 

(a) S0=0                           (b) S0=0.3                          (c) S0=0.7 
 
Fig. 9. Hysteric behavior in the Mach disk diameters during shutdown and startup transients. 
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further increase in φ. On the contrary, in the process 
on the shutdown transient, the shock reflection point 
moves upstream with a decrease in φ, and it has a peak 
at φ=4.25 corresponding to the transition pressure ratio. 
Then it moves again upstream with further decrease in 
φ. A hysteric loop in the shock reflection point is 
found in both the transient processes. It seems that the 
hysteresis loop is reduced in the moist air jets(see Fig. 
8(b) and 8(c)). 

Fig. 9 shows the hysteric behavior in the diameter 
of the Mach disk. For the dry air jets, it is found that 
in the process of the startup transient, the incipient 
Mach disk occurs at φ=4.5 and its diameter in-
creases with an increase in φ. On the contrary, in the 
process of the shutdown transient, it decreases with 
φ. At φ =4.25, the Mach reflection flow transitions 
to the regular reflection, leading to Dm/De =0.0. 
Therefore, the hysteric behavior is produced during 
both the processes of the shutdown and startup tran-
sients. It seems that such a hysteresis phenomenon in 
the diameter of the Mach disk is reduced in the moist 
air jets(see Fig. 9(b) and (c)). It is interesting to note 
that the pressure ratio for the incipient Mach disk 
decreases with S0. This is due to the nonequilibrium 
condensation which occurs depending on a local su-
persaturation of the flow. Inside the jets, the conden-
sation of moisture component causes the deceleration 
of local flow due to the latent heat release [27]. This 
modifies the local structure of jet, leading to the in-
cipient Mach disk at lower pressure ratio, compared 
with the dry air jets. 
Fig. 10 presents the effect of nonequilibrium conden-

sation on the static pressure distributions during both 
the processes of the shutdown and startup transients. It 
is noted that for the dry air jet, the static pressure dis-
tribution along the jet axis is the same as an isentrope 
as schematically shown in Fig. 10(a), but for the moist 
air jet it deviates from the isentrope due to the latent 
heat release of nonequilibrium condensation. The re-
sulting difference between these two distributions 
would be an effect of nonequilibrium condensation 
that occurs during both the processes of the shutdown 
and startup transients. For reference, Fig. 10(b) repre-
sents the deviation in both the static pressure distribu-
tions for S0=0.3 and the startup transient. It is also 
noted that the Mach reflection is produced for φ 
=4.6 and 5.0 cases, while the regular reflection is ob-
tained for the cases less than φ =4.2. In the Mach 
reflection flows, the deviation is not big, but appears 
over a wide range of x/De. However, in the regular 

reflection flows, it is relatively big, but occurs in a 
narrow region. 
For both the processes of the shutdown and startup 

transients, the variation of the static pressures just 
upstream and downstream of shock wave is plotted in 
Fig. 11, where the results of steady jet computations 
are denoted by symbol ×. The symbols and ▲ are the 
static pressures just upstream of shock wave, respec-
tively, for the regular reflection and Mach reflection in 
the transient processes, while the symbols ○ and ● are 
the static pressures just downstream of shock wave, 
respectively, for the regular reflection and Mach re-
flection. For the startup transient, regular reflection 
occurs in the range less than φ =4.55, while Mach 
reflection higher than φ =4.55. However, this boun-
dary is changed to φ =4.25 in the process of shut-
down transient. It is known that the static pressure 
jump of the regular reflection is much higher than that 
of the Mach reflection. The transition from regular to 
Mach reflections is generated as the static pressure 
jump due to shock wave is the highest. The difference 
between the quasi steady and steady jets becomes 
appreciable mainly near the pressure ratio that the 
transition occurs. 
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Fig. 10. Difference between the static pressure distributions 
of dry and moist air jets. 
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(a) Startup transient 

 

 
(b) Shutdown transient 

 
Fig. 11. Variations in the static pressures just upstream and 
downstream of shock wave(S0=0). 
 
5. Concluding remarks 

The present study deals with the computational and 
experimental works to investigate under-expanded 
dry and moist air jets. The two-dimensional, unsteady, 
compressible Navier-Stokes equations have been used 
to numerically solve the flow field concerning with 
the hysteric behavior in both the processes of the 
shutdown and startup transients of the jet. A nuclea-
tion rate equation and a droplet growth equation are 
combined with the governing equation system to 
simulate nonequilibrium condensation of moisture 
component in the under-expanded moist air jets. The 
present computations predict well the major features 
of the dry and moist air jets as well as the hysteric 
behaviors occurring in the shutdown and startup tran-
sients of jet. The results obtained show that the hys-
teric phenomenon is produced both in the under-
expanded dry air and moist air jets. Such hysteresis 
effects are given in terms of the locations and diame-
ters in the Mach disk, and they are reduced with the 
initial degree of supersaturation of moist air at the 
nozzle supply. This means that the under-expanded 
moist air jet leads to less hysteresis of the jet, com-
pared with the dry air jets. It is known that non-
equilibrium condensation, which occurs in the under-
expanded moist air jet, is responsible for these find-
ings. 
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